
 

5.5 Higher Derivatives
One can define higher derivatives iteratively
Let me IN

Definition 5.3
i f is called m times differentiable and

if f is cm D times differentiable with cm h th
derivative flu differentiable
In this case

f ddf df a R

is called the un th derivative of f
Note f is just the function f itself

ii f is of the class C r if f is m times

differentiable and if the functions f f
f e f f

m
are continuous

Notation
Cm SL IR f a RI f is m times diff

f i f'T continuous



Example 5.15
The functions exp sin cos polynomials
and rational functions are in E for
each me IN

Yet now D Ca b as as b os and
M E N

Proposition 5.11 Taylor formula
Let fe Cm a b on Ca b m times differential
Then there exists e Ca b such that
fcb flat f a b a f a lb ft

fan Cal CbemaI f'm Cbm

Proof
we can trace the Proposition to the mean

value theorem namely Prop 5.9
Consider the function

get fad t f't b x t

f'm G fbII tKCbm fcb



where k E IR is chosen such that gGI g b 0

According to assumptions on f g is continuous

on a b and differentiable on ca b

Then Prop 5.9 F TE Ca b gl 31 0

That is

O f 3 f t b 3 f't
f 3 lb ft f 3 b 7 It

If 4m7 f YII
K b H

m l

flats k lbiII
as all other terms cancel pairwise As

b 3 o we get K ft 3 and with

gla 0 the claim follows after setting
x a in fix

I
Remark 5.5
The tangent at fe C Ca b in the point a

Tfcxia flat tf a x al



the approximating parabola for feekla.by
If xia fca f a Cx a tf a Azad

and more generally the Taylor polynomial
of m th degree for f e E Cla b

Tmf xia flat f'talk a t tfmcalcxu.IT
have according to Prop 5 It the following
approximating property For a exc b we have

fCx Tmfkia ft fatal Ghat
rmf xia

for some Te Ca b For the remainder term

mf we obtain the following
lrmflxi.at Esayf lfmtd fmcalkxmaI

If f e C we can improve this through

Prop 5 9

lrmfcxi.at Easyyp.xtf 3 I GmaY



Example 5 14
what is the sine of 47 It 2

Using sin cos sin cos sin etc we

obtain from the above remark when

choosing m 2 the approximation
Sin E Io sin E t cos E Fo sin III ra

II t Iz Fo Iz Izatt
where

Ital E 11 3

Igo
to
5

T

i
I
4



Remark 5.6

The Taylor series of a function f does not
necessarily converge against f
Consider for example the function f lR R

f x
e if o

O if x o

I

I 1

This function comes very close to the
x axis even fan non zero x

Oc ft L 10 for OC 1 1 E 0.2

In fact we have for the n th derivative

feng
Pn te ki if o

o if x o



where pu is some polynomial
Proofj
Use induction

h clear poet
n n

i for to we have

f ddxftncxl dd fpnk.IE Ki

f pi 2pm e

Choose pm ft pi t t't 2pct t3
ii For x 0 we have

fent lol fine f If lol fi pufxfe ki
plijfsRpnlR e R2 o

II

Thus we see that the Taylor series of
fat xo o is identical to zero although
f 0 only at x o



Example 5.15 logarithm
For 0 ex E 1 the Taylor series of log it x

converges and we have

log H x x E t I I xn

Proofi
log Hx

o 1

log Ix o day 11 5 rl E I
1

log CHAI ol D cu n p o
C it cu n

Prop 511 log Hx

En tnn x log 13714
LDN N

Nt I

t x't
i

for some E h x rµ log Hxio

But IrmlogCHxio E o N as



Yn to
y log

f

EI I X
I 2

f x x i

fix Cx I GI
2

fs x Cx i HII 6

In fact one can show that the above series
is convergent for 1 1 1 Then one writes

log Hx x II It

loga x x E E
subtraction gives
log 2Gt t 2ft

Using t 1 5
2 we then get

log 2 2 It t t 7 t



Let SCR be open f a IR

Definition 5.4
A point x e r is called a strict local

minimum of f if in a neighborhood U
of x we have

F x e U ft fCxo
or V x e Ul x ft fad

If f is differentiable at a local minimum x

then we have following the proof ofProp 5.9

o e fine fix IF f Gol fine to

f x 1 0 More generally we have the

following
corollary 5.3
Let fec r xoer with f'G f'T
i Ifm 2kt l X local minimum then f 46oz
ii If m 2K and if fthGo o then x is

strict local minimum



Proofi
According to Prop 5 11 there exists for
X E R close to Xo a between x and

such that
fCx fGol t f'T 3 H xmd

i If m 2kt I and if xo is local minimum

then we get

f Kol fine fhyy.fm
EImxoffIIfzomfifxofGyxI9ImEo

f
n

x I o

ii For m 2K X Xo we have x Xo 0

If fmlxj fisy.fm 3 so then fad fed
for X Xo close to thus x is strict

local minimum

Example 5.16
i Let fCx x4 x't l x E R According corollary
5 3 i for having an extremism at we

need
f Gol 4 03 2x 212 2 1 Xo O



that is

Xo E f O

According to Corollary 5.3 ii and with

f x 12 2 2 420 x I Kfz
2 O X 0

we have strict local minima at x Irs
and at x Lar and a strict local
maximum at Xo 0

ii Let a ane IR We want to find the

least square approximation x elk of
9 Kien with

fGo x are
2

m infG
Notice f as Axl os thus there

exists a x ER with fcxot m.in fix
Corollary 5 3 i gives the necessary
condition i f Ix 2 Ho ar 2nxo 2F9E

Xo I ak


